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ABSTRACT 

The  determination  of  time  by  east  and  west  observation  of 
the  zenith  distance  of  a  star  near  the  prime  vertical  shows 
discrepancies  as  much  as  2  seconds  of  time. 

A  new  method  with  higher  accuracy  has  been  developed.  It 
is  based  on  observation  of  an  individual  pair  of  stars. 

The  observation  of  each  star  (one  east,  the  other  west  of 
the  meridian)  consists  of  determining  the  instant  of  tine 
at  which  it  crosses  a  fixed  preselected  unknown  zenith 
distance.  Complete  analysis  of  this  method  was  undertaken 
in  order  to  determine  the  circumstances  when  greatest 
accuracy  can  be  expected. 
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In  this  method  the  longitude  or  clock  correction  is  ob¬ 
tained  as  a  function  of  the  recorded  instant  of  time  when 
two  known  stars,  one  to  the  west  the  other  to  the  east  of 
the  meridian,  cross  a  fixed  preselected  zenith  distance. 

The  instrumental  adjustment  must  not  change  between  the 
two  observations.  Changes  may  occur  due  to  the  conditions 
of  the  atmosphere  and  temperature  variations,  therefore 
changes  in  refraction  may  also  occur  during  the  period 
between  the  two  observations.  But  corrections  for  this 
matter  can  be  applied.  In, general  the  elapsed  time  be¬ 
tween  the  two  observations  is  short,  no  more  than  a  few 
minutes,  so  no  correction  for  refraction  is  needed. 

To  obtain  higher  accuracy  the  two  stars  are  to  be  selected 
with  not  too  large  a  difference  in  their  declinations,  and 
they  must  be  observed  close  to  the  prime  vertical  because 
the  velocity  of  variation  in  the  zenith  distance  is  a 
maximum  in  the  prime  vertical  consequently  making  it 
possible  to  obtain  a  higher  accuracy  in  recording  the  time 
of  passages  over  the  horizontal  line. 

Let  figure  1  represent  the  projection  of  the  celestial 
sphere  on  the  horizontal  plane.  Ti  this  figure,  Z  is  the 
projection  of  the  zenith  of  the  observing  station,  and 
Pn,  the  North  Pole  projection.  N-3  is  the  meridian  and  W-E 
the  prime  vertical.  The  small  circle  with  center  at  Z  is 
the  almucantarat ,  parallel  to  the  horizon,  SEN. 

Let  Sx,  be  the  star  to  the  east  of  the  meridian  and  S2,  the 
star  to  the  west  of  it.  The  zenith  distance  is 

Z  =  ZS,  =  ZS2 


N 


Figure  1,  projection  on  the  horizontal  plane. 


Let 

®w,  ®«  =  the  observed  sideral  times 

0<;  <5e  =  the  right  ascension  and  declination  of 

'  the  east  star, s1  . 

OC,t6ws  the  right  ascension  and  declination  of 

the  west  starts*. 

the  hour  angles  of  S,  and  S4  ,  respective 
'  ly. 

i  -  latitude 

In  the  astronomical  triangles  ZPn  S,  and  ZPr,  St  ,  from 
formula  of  cosine,  we  have 

cos  Z  =  sin  <f)  sin  & a  +  cos  0  cos  cos  te 

cos  Z  *  sin  0  sin  cos  0  cos  b^jcos  fcu, , 

Introducing  the  parameters 

X,  a  sin  0  sin  £« 

*  (2) 

Xt  =  sin  0  sin  6W 

Yi  =  cos  0  cos  6. 

(3) 

Y*  »  cos  0  cos  ^ 

equations  (1)  can  be  rewritten  in  a  more  compact  notation 
as  follows: 

cos  Z  =  x,  +  Y,cos  to.  ^  j 

cos  Z  =  X4  +  Y*cos  , 

We  can  consider  either  the  clock  correction  or  the  longi¬ 
tude  as  unknown  and  will  first  consider  the  case  where  the 
clock  correction  is  unknown. 

DETERMINATION  OF  CLOCK  CORRECTION 

Let  AT  be  the  clock  correction  and  IX  the  rate  of  the  clock 
in  units  of  clock  time. 

If  we  put 

$.=  0*  +  4i<9«-e-) 

#  =  +/J(eu-e.) 

we  shall  have 

A  + 

A 


- 


-  °c* 


(5) 


(6) 


for  the  star's  hour  angle. 


Let  a  parameter  Z  be  defined  such  that  it  satisfies  the 
equation 


thus 

*  90  , 

(7) 

T  r-  . 

(8) 

Adding  and 
obtain 

subtracting  T  to  each  of  the  equations 

( 6 )  we 

i»« r+(^T-r) 

(9) 

But 

twa^wt  r  +  (4T-  r). 

and 

<*<£. 

1  1 

i  ^ 

(10) 

Setting 

and 

fi,  =  i(  fa-A) 

(11) 

f  =  ^r-  r 

(12) 

equations 

( 9 )  become 

tea  -  fli+'ti 

(13) 

Introducing  these  values  of  tt  and  ^into  equations  (4), 
developing  its  cosines  and  subtracting  the  first  equation 
from  the  second,  we  obtain 


Xi-X+fitV)  G0i  IcjtAfio  -{  1T=  O  ,  ( 14 ) 

To  solve  this  equation  let  us  introduce  the  auxiliary 
quantities  defined  by 

favn  F  =  Oi-Yj  cm  ft>, 

f  ocri  • 

Dividing  the  fj.rst  by  the  second  we  get 


kew  f  -  fi*  • 

From  equation  (3)  it  follows  that 


(16) 


Vi-  y't  _  cah  £u>  -  cod  %e  (17) 

Yi  ♦  Vi  ~  "cdTI^jT^rTJT  1 


whereby  equation  (16)  becomes 

t(3/K  C  -  cot  fit  ^  W-  /(fc#  )  . 


(18) 


Inserting  the  values  shown  in  equations  (15)  into  equation 
(14) ,  we  find  .  . 

Xt-X,  f  f  MT)  (F-y)  a  O  «  (19) 

From  equation  (2)  we  have 

XjrX*  a  aCn  ?(<**  &u  -  f«)  (20) 

from  the  second  equation  (15) , 


f  ~  l  y»+X)  'Xnfijwt  f 


and  from  equation  (3), 

=  CrS  i>  C  <4*  j*  +  .  (22) 

With  these  equations,  (20,  (21),  and  (22),  we  finally  ob¬ 
tain 

adn  £Tf-F)s  t^vt fant  CsiFcaycfi,  (23] 

from  equation  (19). 

Because  the  stars  are  selected  not  far  from  the  prime  ver¬ 
tical,  (Tf — F)  will  always  be  small  and  therefore  it  is 
accurately  defined  by  equation  (23) . 


so  that 


Y-p  =  r, 

Tf  *  ftF 


and  from  equation  (12) 

y=»  at-  r 

we  obtain  the  clock  correction 

AT*  V'+F  +  r. 

Summarizing,  the  final  formulas  for  computing  the  clock 
correction  are: 


A*a+K(a-a)-a.  (5; 

)Sw  =  ©#+W(  9-j"  ®°) 

(8) 

A  =  ^(A- "  )  >  ( i; 

COSuT+COSOa  ' 

sin^s  tan  ij6*-5t)fan  9  cosFcosec  ft. ,  ^2' 

¥«7-F,  (2‘ 

ar*F+7  +  T.  (2! 

When  tan  F  or  sin  (Jf-F),  is  positive,  F  and  (tf-F)  fall  in 
the  first  quadrant,  and  when  negative,  they  fall  in  the 
fourth  quadrant. 


The  motion  of  the  observer  due  to  the  diurnal  rotation  of 
the  Earth  causes  all  stars  apparently  to  increase  in 
right  ascension  and  decrease  in  declination.  The  amount 
of  correction  is  defined  by  the  well  known  equations: 


Ahio2l  f  £  OS  t  CU  $ 
AS*-d'-32  OrtfAi*  t  f 


(26} 

(27> 


therefore,  the  star's  hour  angles  must  be  corrected  for 
these  variations.  To  obtain  these  corrections  we  proceed 
as  follows: 


From  formula  (1)  we  obtain: 

(o«z-  tain  Sj/a+cf  (28) 

t&j  l  -  (Mi  (W) 

from  which  equations  (26)  become 

Ad  -z  o*oii  (art  2-  ctm  f  a&n  %)/( i+ta£&)  (30) 

J 5  =  io'! 32  io/nS  /cJ&froo$'%-(.C4i2~&nioM)  (31) 

where  the  sign  must  be  taken  to  be  positive  for  the  eastern 
transit  and  negative  for  western  transit. 

Therefore  the  star  coordinates  to  be  considered  are: 

<*+*«<  (12) 

So  far  we  have  considered  how  the  clock  correction  can  be 
determined.  Let  us  now  consider  the  case  where  the  longi¬ 
tude  is  to  be  determined. 


In  this  case  the  observation  time,  based  on  Greenwich 
Sidereal  Time,  will  be  represented  by  6,  and  \  will  be 
the  longitude,  considered  positive  to  the  west.  In  this  event 
the  star's  transits  times  will  be  given  by: 

ft  s  time 

“t 

r  rites’  'time.  • 

Let  be  an  approximate  value  of  the  longitude  and  dl  the 
amount  to  b  '  added  to  obtain 

a-Ao+4,*.  (33) 

These  equations  (5)  now  become 

/St  =  ( 2.+ofe)  +  pi  &•) 

fa*  8j_-(  Ao+oW+X^-W  .  (34) 

The  angles  X  and  fa  remain  as  before 

(35) 

fi*  iifa-fc)  .  <36> 


1 

4 


■A 


IS 


:  j 


i 


i 

1 
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•< 
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Therefore : 


/$«  «  -fjj*  +  C  ) 

^  -  fi»~  *  ) 

and  the  hour  angles  become 


Now  by  setting 


tt  «  -/3«  -(  r+4A) 
fie-  (  C  +4  A)  « 

1  =  -(t  +4A) 


(37) 

(38) 


we  get  expressions  of  the  same  format  as  those  shown  in 
equation  (13). 

'  t*=  -/Mr 

^3*  -f  <r  %  ^ 

From  here  on  the  angle  F  is  computed  from  equation  (18); 
the  angle  (Y-F)  by  equation  (23),  and  the  longitude  cor¬ 
rection  4^  from 


4 As  -(F+  V+C)  ,  (40) 

Let  us  "ov;  investigate  under  what  conditions  an  accurate 
result  is  to  be  expected.  By  differentiating  equation  (25) 
assuming  that  the  rate  of  the  clock  is  sufficiently  well 
known ,  we  have 


c|(4T)s  dr+d'b  +d c  . 


(41) 


By  differentiating  equation  (23)  relative  to  f ,  F  and  , 
we  find 

df=  Crtfit  Jt,.  (42) 

We  have,  from  equation  (18) 

<*F  =  #-44  d  a.  . 


c*vi  41/3  v* 

from  equations  (11)  and  (5) ,  we  have 


dp°  *  •£(  d  -  d  &e)  , 


(43) 


(44) 


and  from  equations  (3)  and  (5) , 

dz*  -  . 

Inserting  the  values  shown  in  equations  (42)  ,  (4  3)  and 

(45)  into  equation  (41) ,  we  find 

<  * + rMSsg.-  * )  ■ -  >i 

The  angle  t  is  always  small  and  reduces  to  zero  at  the 
equator,  as  can  be  seen  from  equation  (23) ,  and  the  angle 
F  also  is  small  (see  equation  18).  Since  the  coefficients 
in  parentheses  are  almost  equal  to  unity,  the  main  source 
of  errors  is  due  to  inaccuracy  in  recording  the  transit 
times . 


(46) 


We  may  observe  the  star's  passage  over  different  horizontal 


lines  and,  so  that,  we  have  as  many  independent  results  as 
pairs  of  lines.  The  mean  times  of  observation  will  not  be 
the  mean  of  times  at  which  the  star  passes  the  mean  zenith 
distance,  so  a  correction  to  the  mean  time  is  required.  We 
treat  this  problem  independently  of  the  knowledge  of  the 
space  between  lines.  The  computation  is,  thus,  free  of  re¬ 
fraction  error. 

USE  OF  A  .ZENITH  DISTANCE  THAT  CORRESPONDS  TO  THE  MEAN 

STAR  TRANSIT  TIMES  BETWEEN  A  PAIR  OF  HORIZONTAL  LINES 

A  theodolite  may  be  used  as  an  astrolabe.  The  zenith  dis¬ 
tance  is  set  at  any  convenient  angle  40*,  5 O',  SC',  70*. 

Observations  can  be  made  with  fixed  horizontal  reticle 
lines,  or  with  an  impersonal  micrometer.  In  the  first  case 
a  reticle  has  several  closely  spaced  horizontal  lines  ruled 
on  glass,  as  shown  in  the  figure  2,  and  the  passage  of  each 
star  over  them  is  recorded. 


Figure  2  showing  the  reticle  horizontal  lines,  and  the 
trajectory  of  a  star,  whose  transit  times  are  recorded  at 
a,  b,  * . . f . 

If  the  theodolite  has  a  moving  wire  impersonal  micrometer, 
it  is  essential  to  use  the  same  contacts  on  all  stars  ob¬ 
served  at  equal  zenith  distance,  since  the  movement  of  the 
micrometer  will  be  in  opposite  directions  for  east  and  west 
stars,  so  corrections  must  be  made  for  width  of  contacts 
and  lost  motion. 

In  a  reticle^'  the  lines  are  almost  symmetrical  with  respect 
to  the  central  line.  Using  an  impersonal  micrometer’s 
symetrical  pair  of  contacts  can  be  considered  too. 

Consider  two  symmetrical  lines  or  micrometer  contacts. 

These  two  lines  have  a  mean  zenith  distance  very  close  to 


msmmmsm 


that  of  the  central  wire.  We  shall  consider  any  pair  of 
lines  independent  of  one  to  another,  so  we  can  consider 
several  independent  results  of  longitude  determination. 


Let  Z0be  the  zenith  distance  that  corresponds  to  any  pair* 

To  this  zenith  distance  will  correspond  a  time  which  must 
be  determined  from  the  times  of  a  star's  passages  over 
these  two  lines,  since  the  star  trajectory  is  not  a  straight 
line.  The  transit  times  are  a  function  of  the  zenith  dis¬ 
tances,  so  according  to  Taylor's  theorem  we  have 


where 

Let 

then 


ft  *  s  +  AZ;) 

9i  -  9°  * (•£).«  +i(&) L 


(47) 


L  st  I  . 

t  *  2  j  «4<«4TVV^*  » 

*  z,-z.  =  -  i  (Zt-z.) 

A2j_s  2L-2.  -  i;  CA--Z) . 


(48) 


Inserting  these  values  into  equation  (47)  ,  we  have  for  the 
mean  value:  a 


4+W  a«.  *  y  f$$5i  (Zl‘Z^  • 


(49) 


Then  the  time  that  corresponds  to  the  mean  zenith  distance 
Zq  ,  is 


ft>  =  r(^i  +8a)  -  7  (-J^)o  (^•■3)  . 


(50) 


The  value  of  (Za-  Z/  )  is  unknown.  To  evaluate  it  we  proceed 
as  follows: 


Consider  the  zenith  distance  as  a  function  of  time.  A 
zenith  distance  Z,  will  now  correspond  to  the  mean  time 
of  the  star  passage  over  the  two  lines. 


Applying  Taylor's  theorem  we  have  for  upper  and  lower 
horizontal  lines:  ,  .» 

1  d*Z  J 


z,-2*  *  -0  m  +  i  jtp-  z  JP  *a> 


Zi.-Z<  = 


where 


From  (51 


+  +  rjeT'10 

! 


A6-  ±  (&-#). 

there  follows  the  difference: 

Z  I  ^3  2  .5 

2a-2,  =  "h  2^  ^  [Vtr&l)  . 


(51) 


(52) 


The  second  term  on  the  right  side  of  equation  (52)  is  very 
small  since  (  )  does  not  reach  4  minutes  of  time, 

therefore  we  may  consider  without  noticeable  error  that 


- 


(53) 


Whence  with  the  help  of  this  equation  where  we  can  compute 
according  :o  equation  (50),  the  value  of  £«  as  follows: 

(54) 


a. .  i  ( 8*+  a,)  -  j  (£■£), 


From  consideration  of  the  definition  of  sidereal  time,  hour 
angle,  and  right  ascension,  the  first  equals  the  sum  of  the 
other  two,  that  is: 

d  =  o(  +t 

so  we  have 

dt 

'cCTs  TZ  * 

A  formula  for  computing  can  be  obtained. in  the  follow¬ 

ing  way: 


(55) 


By  differentiating  the  general  relation 

(56) 

with  respect  to  Z,  considering  $  and ^  constants ,  we  have: 

s.  c&l  C«*n.  ^  ^  *  (57) 

A  second  differentiation  gives: 

c  i  /<J  fc  ,  X  '  L 

onz-  j  4  cos  ^  and  *-</*,  fc  •  (58) 

By  replacing ■ the  coefficients  of  the  differentials  in 
equation  (58)  from  the  values  obtained  from  the  equations 
(56)  and  (57),tand  after  multiplying  by  resulting 

equation  for  -Jjj^jr  ,  •  we  obtain 


<jiZ  (<L  lari  z-  (crt  Z-  tin#  obt? 
eLt*  Vdl’i  "  Au*  Z 

in  which  the  only  unknown  to  be  evaluated  is 

From  the  relation, 

£  <ovvt  L  =  c^-3  P  A  , 

equation  (57)  gives 

■j~=  c<r3  ^  A  . 

To  evaluate  sin  A  we  use  the  equation 

ce<J  A  «  P  -  <3  5"  f 

where  P  and  Q  are  constants, 

P  S  -fcitfUVt  ^  C^T  Z 

Q  s  /COo  Z  • 

Squaring  and  subtracting  from  unity  we  have: 


dz 


) 


(59) 


ci  tr 


(60) 


(61) 


(62) 


(6  3) 


and 


(64) 


4  *  t  /j  -  (P-  a  ***  1 ) 1 


whence  it  follows: 


<5  ±  cd  <j>  \jT-i  p-q 


Inserting  this  value  in  equation  (61)  and  the  resulting 
value  in  equation  (56) ,  we  finally  obtain: 


where 


3-  ^  (a,  y 

25  r  i2  v  *  ^ 

■  *  ■ 


Mat  j/  i  -  ( p -  a  a**  5  )x  . 


The  positive  sign  is  for  the  star  west  of  the  meridian  and 
negative  sign  for  the  star  to  the  east. 


Example  of  Computation 

As  an  example  we  give  the  resulz-s  from  data  taken  from 
Niethammer  reference  4,  page  6O-0I. 

Our  method  shows  a  discrepancy  of  <0?106  »  1"59  with 
respect  to  Niethammer ' s  solution. 


TABLE  1.  Clock  Correction  (Longitude)  For  An 
Equal  Altitude  Star  Pair  Transit  Times 


m  S 

Niethammer  ref.  4  gives . -1  28.420 

Discrepancy  N-B  .  ofl06=l"59 


*  Correction  for  inclination  error 

**  Correction  for  aberration 
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